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This paper addresses the question of the asymptotic behavior of solutions to the p(x)-
Laplacian problem
ut − div(|∇u|p(x)−2∇u)+ f (x, u) = g.
With general assumptions on f (x, u) and the exponent p(x), we prove the existence
of global attractors in proper spaces. Then we consider the fractal dimension of global
attractors for the problem. Under suitable conditions, we show that the problem admits
an infinite-dimensional global attractor.
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1. Introduction
LetΩ be a bounded domain inRN(N ≥ 3)with smooth boundary ∂Ω . We consider the asymptotic behavior of solutions
to the following p(x)-Laplacian equations:ut − div(|∇u|
p(x)−2∇u)+ f (x, u) = g, inΩ × R+,
u = 0 on ∂Ω × R+,
u(x, 0) = u0 inΩ,
(1.1)
where g, u0 ∈ L2(Ω), p ∈ C(Ω), with 2 ≤ p(x) < Λ <∞, x ∈ Ω . Besides, p(x) is log-Hölder continuous, i.e., there exists
a constant C such that
|p(x)− p(y)| ≤ − C
log |x− y| , for every x, y ∈ Ω with |x− y| <
1
2
. (1.2)
We assume that f : Ω × R→ R is a Carathéodory mapping and that there exist positive constants l, k, c1, c2 such that
(f (x, s1)− f (x, s2))(s1 − s2) ≥ −l|s1 − s2|2, for any x ∈ Ω and s1, s2 ∈ R, (1.3)
c2|s|q(x) − k ≤ f (x, s)s ≤ c1|s|q(x) + k, for any x ∈ Ω and s ∈ R, (1.4)
where q(x) ∈ C(Ω), with
2 ≤ q− = inf
x∈Ω q(x), q
+ = sup
x∈Ω
q(x).
In recent years, parabolic and elliptic problems with variable exponents have been studied extensively by many
authors; see, for example, [1–13] and the references therein. The wide study of such problems is motivated by various
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applications related to electrorheological fluids (an important class of non-Newtonian fluids) [1,14,15], image processing [6],
elasticity [16], and also mathematical biology [7].
The p(x)-Laplacian problem (1.1) can be viewed as a generalization of p-Laplacian equationsut − div(|∇u|
p−2∇u)+ f (x, u) = g inΩ × R+,
u = 0 on ∂Ω × R+,
u(x, 0) = u0 inΩ.
(1.5)
The long-time behavior of solutions to p-Laplacian equations has been studied widely; see, for example, [17–24,12]. The
global attractors have been obtained in various spaces and in different contexts. The fractal dimension of global attractors
for p-Laplacian equations has also been considered; see [25].
However, until now, few results have been obtained concerning the long-time behavior of solutions for p(x)-Laplacian
equations. In [9], the author studied the existence of global attractors for problem (1.1)with g = 0 and f (x, u) = −B(u), with
B a globally Lipschitz map. A global attractor was obtained in L2(Ω). In [10], the upper semicontinuity of global attractors
for p(x)-Laplacian equations was studied.
In this paper, we shall consider the long-time behavior of solutions to problem (1.1) with general g ∈ L2(Ω). First, we
prove that the semigroup {S(t)}t≥0 associatedwith problem (1.1) possesses a global attractor in Lq(x)(Ω). Themain idea is to
obtain asymptotic compactness of the semigroup in Lq(x)(Ω) by the compactness of the semigroup in L2(Ω). When N = 1
or 2, the existence of global attractors in Lq(x)(Ω) for the problem can be obtained easily bymeans of compact imbeddings of
Sobolev spaces. We are mainly focused on the case N ≥ 3 in this paper. After we obtain the global attractor, we consider its
fractal dimension. Under proper assumptions, we show that the lower bound for the fractal dimension of the global attractor
can be arbitrarily large; that is, problem (1.1) admits a global attractor with infinite fractal dimension.
Generally, it is a bit tricky to estimate lower bounds for the dimension of global attractors for degenerate problems.
The general method to estimate lower bounds for the dimension of global attractors is the unstable manifold method [23],
which needs the differentiability of the semigroup. Since the semigroups associated with degenerate problems are usually
not differentiable, the unstable manifold method is no longer suitable. Recently, in [25,26], the authors developed a method
to estimate the lower bounds for the dimension of global attractors for some degenerate problems. However, the method is
highly based on the regularity of solutions and a scaling technique, and thus is not suitable for p(x)-Laplacian equations. In
this paper, we use the frame we introduced in [12] to consider the dimension of the global attractor.
To consider problems with variable exponents, one needs the basic theory of spaces Lp(x)(Ω) and W k,p(x)(Ω). For
the convenience of readers, let us review them briefly here. The details and more properties of variable-exponent
Lebesgue–Sobolev spaces can be found in [27–30], and the more recent monograph [31].
Let p ∈ C(Ω). When p− > 1, one can introduce the variable-exponent Lebesgue space
Lp(·)(Ω) =

u : Ω → R; u is measurable and

Ω
|u|p(x)dx <∞

,
endowed with the Luxemburg norm
∥u∥p(·) = inf

λ > 0 :

Ω
u(x)λ
p(x) dx ≤ 1

.
Thanks to results in [29], the following inequality holds:
min{∥u∥p+p(x), ∥u∥p
−
p(x)} ≤

Ω
|u|p(x)dx ≤ max{∥u∥p+p(x), ∥u∥p
−
p(x)}.
Moreover, let ri ∈ C(Ω), with r−i > 1, i = 1, 2. Then, if r1(x) ≤ r2(x) for any x ∈ Ω , the imbedding Lr2(x)(Ω) ↩→ Lr1(x)(Ω) is
continuous, the norm of the imbedding does not exceed |Ω| + 1. As p− > 1, and the space is a reflexive Banach space with
dual Lp
′(x)(Ω), where 1p(x) + 1p′(x) = 1. Besides, for any v ∈ Lp
′(x)(Ω), we have the following Hölder-type inequality:
Ω
|uv|dx ≤

1
p−
+ 1
(p−)′

∥u∥p(x)∥v∥p′(x).
For positive integer k, the generalized Lebesgue–Sobolev space is defined as
W k,p(x)(Ω) = {u ∈ Lp(x)(Ω) : Dαu ∈ Lp(x)(Ω), |α| ≤ k},
endowed with the norm
∥u∥W k,p(x) =

α≤k
∥Dαu∥p(x).
Such spaces are separable and reflexive Banach spaces.
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Under assumption (1.2), the smooth functions are dense in Sobolev spaces with variable exponents, and we can define
W k,p(x)0 (Ω) as the completion of C
∞
c (Ω) inW
k,p(x)(Ω)with respect to the norm ∥ · ∥W k,p(x) ; see [31,29]. For u ∈ W 1,p(x)0 (Ω),
the Poincaré- type inequality holds, i.e.,
∥u∥p(x) ≤ C∥∇u∥p(x),
where the positive constant C depends on p and Ω . So ∥∇u∥p(x) is an equivalent norm in W 1,p(x)0 (Ω). Note that the dense
result is generally not true without additional assumptions on the exponent p(x);, see [29].
Now, we state our main results as follows.
Theorem 1.1. Assume that u0, g ∈ L2(Ω), p ∈ C(Ω), with 2 ≤ p− ≤ p+ <∞. Let p(x) satisfy (1.2) and f satisfy assumptions
(1.3) and (1.4), with 2 ≤ q− ≤ q+ < ∞. Then the semigroup associated with problem (1.1) possesses a global attractor A in
Lq(x)(Ω); i.e., A is compact, invariant in Lq(x)(Ω), and attracts every bounded subset of L2(Ω) in the norm topology of Lq(x)(Ω).
In the following, in addition to (1.3) and (1.4), we assume that
f (x, u) = f1(x, u)− |u|s(x)−2u, (1.6)
with f1(x, u) being odd with respect to u, and s ∈ C(Ω), 2 ≤ s− ≤ s+ < p−. Moreover, we assume that
lim|t|→0
|f1(x, t)t|
|t|α0 = 0, uniformly in x (1.7)
holds for some α0 > s+. Then we have the following result.
Theorem 1.2. Let u0 ∈ L2(Ω), g = 0, p ∈ C(Ω), with 2 < p− ≤ p+ < ∞. Assume that p(x) satisfies condition (1.2) and f
satisfies assumptions (1.3), (1.4), (1.6), and (1.7). Then the semigroup associated with problem (1.1) admits a symmetric global
attractor in L2(Ω), the fractal dimension of which is infinite.
Remark 1.1. A typical example of f (x, u) is |u|r−2u− |u|s−2u, with 2 ≤ s < p−, s < r .
The remaining parts of the paper are arranged as follows.Weprove the existence of global attractors in L2(Ω) and Lq(x)(Ω)
respectively in Sections 2 and 3. Then, in Section 4, we consider the fractal dimension of the global attractor.
For convenience, we denote by |E| the Lebesgue measure of the set E, and denote by C any positive constant, which may
be different even in the same line. Besides, we useΩ(|u| ≥ M) to denote the set {x ∈ Ω : |u(x)| ≥ M} hereafter.
2. Global attractors in L2(Ω)
In this section, we provide the existence results for problem (1.1), and then we show the existence of a global attractor
in L2(Ω).
Denote
X = {u : u ∈ Lp−(0, T ;W 1,p(x)0 (Ω)) ∩ L∞(0, T ; L2(Ω)) ∩ Lq(x)(Ω × (0, T ))with ∇u ∈ Lp(x)(Ω × (0, T ))}.
Definition 2.1. A solution of problem (1.1) is a function u ∈ X such that t
0

Ω
(−uϕt + |∇u|p(x)−2∇u∇ϕ + f (x, u)ϕ)dxdξ =
 t
0

Ω
gϕdxdξ −

Ω
uϕdx |t0
holds for any t ≤ T and all ϕ ∈ X with ϕt ∈ X∗, where X∗ is the dual space of X .
Theorem 2.1. Let u0, g ∈ L2(Ω), p ∈ C(Ω), with 2 ≤ p− ≤ p+ < ∞. Let p satisfy (1.2), and let f satisfy assumptions
(1.3) and (1.4), with 2 ≤ q− ≤ q+ < ∞. Then problem (1.1) admits a unique solution u ∈ C([0, T ]; L2(Ω)). Moreover, the
mapping u0 → u(t) is continuous in L2(Ω).
Proof. The existence result above was obtained by Antontsev and Shmarev [2] using Galerkin methods. Actually, they
considered a more general model. One can also obtain the result using variational methods, similarly to [11].
Let u and v be two different solutions of problem (1.1), Thenw = u− v satisfies the following equations:wt − (div(|∇u|
p(x)−2∇u)− div(|∇v|p(x)−2∇v))+ f (x, u)− f (x, v) = 0, inΩ × R+,
w = 0 on ∂Ω × R+,
w(x, 0) = 0 inΩ.
Takingw as a test function, and using assumption (1.3), we have
d
dt

Ω
|w|2dx ≤ l

Ω
|w|2dx.
Then it is not difficult to obtain that w = 0. Thus the solution is unique. The continuity of the mapping u0 → u(t) can be
obtained similarly. 
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From Theorem 2.1, the solution of problem (1.1) generates a semigroup {S(t)}t≥0 in L2(Ω). Next, we show that the
semigroup possesses a global attractor in L2(Ω).
Theorem 2.2. Under the assumptions of Theorem2.1, the semigroup {S(t)}t≥0 associatedwith problem (1.1) admits an absorbing
set in W 1,p(x)0 (Ω) ∩ Lq(x)(Ω); i.e., there is a bounded set B0 ⊂ W 1,p(x)0 (Ω) ∩ Lq(x)(Ω) such that, for any bounded set B in L2(Ω),
there exists a T0 > 0 such that
S(t)B ⊂ B0 for any t ≥ T0,
where T0 depends only on B.
Proof. Multiplying problem (1.1) by u, we deduce that
1
2
d
dt

Ω
|u|2dx+

Ω
|∇u|p(x)dx+

Ω
f (x, u)udx =

Ω
gudx.
Note that assumption (1.4) implies that
Ω
f (x, u)udx ≥ c2

Ω
|u|q(x)dx− k|Ω|.
Using Young’s inequality, we obtain
d
dt

Ω
|u|2dx+

Ω
(|∇u|p(x) + |u|q(x))dx ≤ Cε

Ω
|g|2dx+ ε

Ω
|u|2dx+ C |Ω|. (2.1)
Again, from Young’s inequality,
Ω
|u|2dx ≤

Ω
2
q(x)
|u|q(x)dx+

Ω
q(x)− 2
q(x)
· 1 q(x)q(x)−2 dx ≤

Ω
2
q(x)
|u|q(x)dx+ C |Ω|,
we have
Ω
|u|2dx ≤

Ω
|u|q(x)dx+ C |Ω|.
Taking the inequality above into (2.1), we get
d
dt

Ω
|u|2dx+

Ω
(|∇u|p(x) + |u|q(x))dx ≤ Cε

Ω
|g|2dx+ C |Ω|, (2.2)
and also
d
dt
∥u∥22 + C∥u∥22 ≤ C,
which implies that
∥u(t)∥2 ≤ C for any t ≥ t0.
So the semigroup has an absorbing set in L2(Ω). Integrating (2.2) over [t, t + 1], t ≥ t0, we obtain t+1
t

Ω
(|∇u|p(x) + |u|q(x))dxds ≤ Cε∥g∥22 + ∥u(t)∥22 + C |Ω| ≤ C, for t ≥ t0. (2.3)
Now, multiplying problem (1.1) by ut , we get
Ω
|ut |2dx+ ddt

Ω
1
p(x)
|∇u|p(x)dx+ d
dt

Ω
F(x, u)dx ≤ C∥g∥22, (2.4)
where F(x, s) is the primitive function of f (x, s); i.e., F(x, s) =  s0 f (x, τ )dτ , x ∈ Ω . From assumption (1.4), we have
C2|u|q(x) − C ≤ F(x, u) ≤ C1|u|q(x) + C . (2.5)
Integrating (2.4) over [s, t + 1], t0 ≤ t < s < t + 1, yields
Ω
1
p(x)
|∇u(t + 1)|p(x)dx+

Ω
F(x, u(t + 1))dx ≤ C∥g∥22 +

Ω
1
p(x)
|∇u(s)|p(x)dx+

Ω
F(x, u(s))dx.
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Integrating the above inequality with respect to s between t and t + 1, we obtain
Ω
1
p(x)
|∇u(t + 1)|p(x)dx+

Ω
F(x, u(t + 1))dx
≤ C∥g∥22 +
 t+1
t

Ω
1
p(x)
|∇u(s)|p(x)dxds+
 t+1
t

Ω
F(x, u(s))dxds.
Combining the assumptions on p(x) and (2.3) and (2.5), we get
Ω
|∇u(t + 1)|p(x)dx+

Ω
|u(t + 1)|q(x)dx ≤ C

Ω
1
p(x)
|∇u(t + 1)|p(x)dx+ C

Ω
F(x, u(t + 1))dx+ C
≤ C(∥g∥2, |Ω|).
We then conclude that
∥∇u∥p(x) + ∥u∥q(x) ≤ C, for all t ≥ t0 + 1. (2.6)
The proof is completed. 
Remark 2.1. Thanks to the compact imbedding results in [29] and Theorem 6.2 in [32], we are now in a position to obtain
the global attractor in L2(Ω).
Corollary 2.1. Under the assumptions in Theorem 2.1, the semigroup associated with problem (1.1) possesses a global attractor
A in L2(Ω); i.e., A is compact, invariant in L2(Ω), and attracts every bounded subset of L2(Ω) in the norm topology.
3. Global attractors in Lq(x)(Ω)
In this section, we shall prove the existence of a global attractor in Lq(x)(Ω). Themain idea is to use the asymptotic a priori
estimate for the unbounded part of modular |u| to get the compactness of the semigroup in Lq(x)(Ω) by the compactness of
the semigroup in L2(Ω). We first provide some abstract results, which are modified from [13].
Lemma 3.1. Let q ∈ C(Ω), with 1 ≤ r ≤ q− ≤ q+ < ∞. For any ε > 0, a bounded subset B of Lq(x)(Ω) has a finite ε-net in
Lq(x)(Ω) if there exists a positive constant M = M(ε) such that
(i) B has finite ( 12 )
1/r(3M)(r−q+)/rεq+/r -net in Lr(Ω),
(ii)

Ω(|u|≥M) |u|q(x)dx < 2−(q
++3)εq+ for any u ∈ B.
Proof. From assumption (i), there exist ui ∈ B, 1 ≤ i ≤ k, such that, for each u ∈ B, there is a ui satisfying
Ω
|u− ui|rdx < 12 (3M)
(r−q+)εq
+
.
Without loss of generality, we assume thatM > 1. Note that
Ω
|u− ui|q(x)dx ≤

Ω(|u−ui|≥3M)
|u− ui|q(x)dx+

Ω(|u−ui|≤3M)
|u− ui|q(x)dx
≤

Ω(|u−ui|≥3M)
|u− ui|q(x)dx+ (3M)q+−r

Ω(|u−ui|≤3M)
|u− ui|rdx
<

Ω(|u−ui|≥3M)
|u− ui|q(x)dx+ 12ε
q+ . (3.1)
Denote
Ω1 = Ω

|u| ≥ 3M
2

∩Ω

|ui| ≤ 3M2

,
Ω2 = Ω

|u| ≤ 3M
2

∩Ω

|ui| ≥ 3M2

,
Ω3 = Ω

|u| ≥ 3M
2

∩Ω

|ui| ≥ 3M2

.
By the inequality
|u− ui|q(x) ≤ 2q+(|u|q(x) + |ui|q(x)),
W. Niu / J. Math. Anal. Appl. 393 (2012) 56–65 61
we deduce that
Ω(|u−ui|≥3M)
|u− ui|q(x)dx ≤

Ω1
|u− ui|q(x)dx+

Ω2
|u− ui|q(x)dx+

Ω3
|u− ui|q(x)dx
≤ 2q+

Ω1
|u|q(x)dx+

Ω2
|ui|q(x)dx

+ 2q+

Ω3
(|u|q(x) + |ui|q(x))dx
≤ 2q++1

Ω(|u|≥M)
|u|q(x)dx+

Ω(|ui|≥M)
|ui|q(x)dx

≤ 2q++22−q+−3εq+ = 1
2
εq
+
. (3.2)
Combining (3.1) and (3.2), we conclude that
min{∥u− ui∥q+q(x), ∥u− ui∥q
−
q(x)} ≤

Ω
|u− ui|q(x)dx < εq+ ,
which implies that ∥u− ui∥q(x) < ε. Hence, the proof of the lemma is completed. 
To state the second lemma, we recall the definition of the Kuraktowski measure of noncompactness. Interested readers
can refer to [33,13] for details and some properties of it.
Definition 3.1. Let X be a complete metric space, and let A be a bounded subset of X . The Kuraktowski measure of
noncompactness κ(A) of A is defined as
κ(A) = inf{δ > 0|A has finite open cover of sets with diameter < δ}.
With Lemma 3.1, we prove the following result.
Lemma 3.2. Let {S(t)}t≥0 be a semigroup on Lr(Ω), r ≥ 1, which possesses a global attractor in the space. Let q(x) ∈ C(Ω),
with r ≤ q− ≤ q+ <∞. If, for any ε > 0, and any bounded subset B ⊂ Lq(x)(Ω), there exist positive constants M = M(ε) and
T = T (ε, B), such that
Ω(|S(t)u0|≥M)
|S(t)u0|q(x)dx < ε for any u0 ∈ B and t ≥ T , (3.3)
then {S(t)}t≥0 is ω-limit compact in Lq(x)(Ω); that is, for every bounded subset B of Lq(x)(Ω), and for any ε > 0, there exists a
T = T (B, ε) such that
κ(∪t≥T S(t)B) < ε.
Proof. It is enough to prove that, for any bounded subset B of Lq(x)(Ω), and for any ε > 0, there exists a T = T (ε, B) such
that ∪t≥T S(t)B has a finite ε-net in Lq(x)(Ω). From assumption (3.3) and Lemma 3.1, it is enough to prove that ∪t≥T S(t)B
has a finite ε-net in Lr(Ω).
From the imbedding Lq(x)(Ω) ↩→ Lr(Ω), B is also bounded in Lr(Ω). Thus there exists a T0 = T0(ε, B) such that
∪t≥T0 S(t)B ⊂ O(A , ε2 ), where O(A , ε2 ) denotes the ε2 neighborhood of A . Since A is compact in Lr(Ω), it has a finite
ε
2 -net. So∪t≥T0 S(t)B has a finite ε-net in Lr(Ω). Thus, combining (3.3) and Lemma 3.1, we get the results of Lemma 3.2. 
Let q(x) ∈ C(Ω) with 1 < r ≤ q− ≤ q+. Note that Lq+(Ω) ⊂ Lq(x)(Ω) ⊂ Lq−(Ω) ⊂ Lr(Ω), and that Lr ′(Ω) is dense in
Lq
′(x)(Ω), where 1q(x)+ 1q′(x) = 1. Thanks to Corollary 3.6 in [13], a continuous semigroup in Lr(Ω) is norm toweak continuous
in Lq(x)(Ω). Thus, from Theorem 4.2 in [13] and Lemma 3.2 above, we have the following result.
Proposition 3.1. Let {S(t)}t≥0 be a semigroup on Lr(Ω), r > 1, and let it possess a global attractor in it. Then {S(t)}t≥0 has a
global attractor in Lq(x)(Ω), with r ≤ q− ≤ q+ <∞, if
(i) {S(t)}t≥0 has a bounded absorbing set B0 in Lq(x)(Ω), and
(ii) for any ε > 0, and any bounded subset B ⊂ Lq(x)(Ω), there exist positive constants M = M(ε) and T = T (ε, B), such that
Ω(|S(t)u0|≥M)
|S(t)u0|q(x) < ε for any u0 ∈ B and t ≥ T .
Now, we are in a position to prove Theorem 1.1.
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Proof of Theorem 1.1. According to the proposition above and (2.6), we need only to prove that condition (ii) holds for the
semigroup associated with problem (1.1); that is, that, for any B0 ⊂ L2(Ω), there exist T0 = T0(ε, B0) andM0 = M0(ε) such
that 
Ω(|S(t)u0|≥M0)
|S(t)u0|q(x)dx < ε for any u0 ∈ B and t ≥ T0. (3.4)
The proof is modified from Theorem 5.10 in [13].
It is obvious that, for any ε > 0, there is a δ > 0 such that, if E ⊂ Ω with |E| < δ, then
E
|g(x)|2dx < ε.
Thanks to Lemmas 5.2 and 5.6 in [13] and Corollary 2.1 above, there exist T1 = T1(ε, B0) andM1 = M1(ε) such that
|Ω(|S(t)u0| ≥ M1)| ≤ min{ε, δ},
Ω(|S(t)u0|≥M1)
|S(t)u0|2dx ≤ 8ε (3.5)
hold for any u0 ∈ B0, t ≥ T1 (see also (5.26) and (5.27) in [13]). Besides, from assumption (1.4), f (x, s) ≥ 0 for
s > max{( kc2 )1/q
−
, ( kc2
)1/q
+}. LetM = max{M1, ( kc2 )1/q
−
, ( kc2
)1/q
+}, t ≥ T1. Define
(u−M)+ =

u−M, u > M
0, u ≤ M.
Multiplying (1.1) by (u−M)+, and integrating overΩ , we deduce that
1
2
d
dt

Ω
(u−M)2+dx+

Ω
|∇(u−M)+|p(x)dx+

Ω
f (x, u)(u−M)+dx =

Ω
g(u−M)+dx.
Integrating between t and t + 1, we get t+1
t

Ω(u≥M)
|∇(u−M)+|p(x)dxds+
 t+1
t

Ω(u≥M)
f (x, u)(u−M)+dxds
≤ 1
2

Ω(u≥M)
(u−M)2+dx+
1
2
 t+1
t

Ω(u≥M)
(|g|2 + (u−M)2+)dxds.
We then conclude from (3.5) that t+1
t

Ω(u≥M)
|∇(u−M)+|p(x)dxds+
 t+1
t

Ω(u≥M)
f (x, u)(u−M)+dxds ≤ Cε, (3.6)
where C is independent of ε,M . Using assumption (1.4), we deduce that
c2
 t+1
t

Ω(u≥2M)
|u|q(x)dxds ≤
 t+1
t

Ω(u≥2M)
f (x, u)udxds+ kε
≤ 2
 t+1
t

Ω(u≥2M)
f (x, u)(u−M)+dxds+ kε
≤ 2
 t+1
t

Ω(u≥M)
f (x, u)(u−M)+dxds+ kε
≤ Cε. (3.7)
Now we multiply (1.1) by ((u− 2M)+)t to obtain that
d
dt

Ω(u≥2M)
1
p(x)
|∇(u− 2M)+|p(x)dx+ ddt

Ω(u≥2M)
F(x, u)dx ≤

Ω(u≥2M)
|g|2dx. (3.8)
Integrating (3.8) from s to t + 1, (s ∈ (t, t + 1)), yields
Ω(u≥2M)
1
p(x)
|∇(u(t + 1)− 2M)+|p(x)dx+

Ω(u≥2M)
F(x, u(t + 1))dx
≤

Ω(u≥2M)
1
p(x)
|∇(u(s)− 2M)+|p(x)dx+

Ω(u≥2M)
F(x, u(s))dx+ Cε.
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Integrating the above inequality with respect to s over [t, t + 1], and combining (2.5), (3.6), and (3.7) we obtain
Ω(u≥2M)
|u(t + 1)|q(x)dx ≤ C

Ω(u≥2M)
F(x, u(t + 1))dx+ Cε
≤ C
 t+1
t

Ω(u≥2M)

1
p(x)
|∇(u− 2M)+|p(x) + F(x, u)

dxds+ Cε
≤ C
 t+1
t

Ω(u≥2M)

1
p−
|∇(u− 2M)+|p(x) + F(x, u)

dxds+ Cε
≤ Cε.
Taking (u+M)− and ((u+ 2M)−)t as test functions, and performing the same calculations as above, we can obtain
Ω(u≤−2M)
|u(t + 1)|q(x)dx ≤ Cε. (3.9)
TakingM0 = 2M, T0 = T1 + 1, we get (3.4). Thus the proof of Theorem 1.1 is completed. 
Remark 3.1. Instead of (1.3), if we assume that f : Ω × R → R is of class C1 in u with f ′(x, u) > −l, a.e.x ∈ Ω for some
positive constant l, then it is possible to obtain a global attractor inW 1,p(x)0 (Ω).
4. Infinite-dimensional global attractors
In this section, we consider the fractal dimension of the global attractor. We shall prove Theorem 1.2. We first prove
that the Z2 index of the global attractor is infinite. Then, by the Mañé projection theorem [34,35], we obtain the infinite
dimensionality of the global attractor.
Let V be a Banach space. Define Σ = {A ⊂ V |A closed, A = −A} to be the class of closed symmetric subsets of V . For
A ∈ Σ , the Z2 index γ (A) of A is defined as follows:
γ (A) =
inf{m : ∃h ∈ C
0(A;Rm \ {0}), h(−u) = −h(u)},
∞ if {· · ·} = ∅, in particular, if 0 ∈ A,
0 A = ∅.
The Z2 index defined above has the following properties, see [36].
Lemma 4.1. A Z2 index defined onΣ satisfies
(1) γ (A) = 0⇔ A = ∅.
(2) If A ⊂ B, then γ (A) ≤ γ (B), for any A, B ⊂ Σ .
(3) γ (A ∪ B) ≤ γ (A)+ γ (B) for any A, B ⊂ Σ .
(4) If A ∈ Σ is a compact set, then ∃δ > 0 such that γ (Nδ(A)) = γ (A), Nδ(A) is a symmetric δ-neighborhood of A.
(5) γ (A) ≤ γ (h(A)),∀A ∈ Σ, h : V → V is odd and continuous.
Before providing the proof of Theorem 1.2, we give the following lemma.
Lemma 4.2. Let {S(t)}t≥0 be an odd semigroup on a complete metric space X, which possess a symmetric global attractor A . If
there exists a symmetric set Bwith γ (B) ≥ m,m ∈ [1,∞), such that ω(B) = ∩s≥0 ∪t≥s S(t)B ⊂ A \{0}, then γ (A \O(0)) ≥ m
for some neighborhood O(0) of 0.
Proof. Since ω(B) ⊂ A \ {0} and ω(B) is closed and compact, there exist open neighborhoods of 0 and ω(B), denoted
respectively as O(0) andN (ω(B)), such that
O(0) ∩N (ω(B)) = ∅.
Since S(t)B ⊂ N (ω(B)) for t large enough, we have S(t)B ⊂ N (A ) for t large enough. Therefore, there exists TB such that,
for t > TB,
S(t)B ⊂ N (ω(B)) ⊂ N (A ) \ O(0) ⊂ N (A \ O(0)).
Note that A \ O(0) is compact. Choosing a proper neighborhoodN (A \ O(0)), by (4) in Lemma 4.1, we have
γ (A \ O(0)) = γ (N (A \ O(0))) ≥ γ (S(t)B) ≥ γ (B) ≥ m, t large enough.
The proof is completed. 
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Proof of Theorem 1.2. From the assumptions of the theorem, it is easy to obtain that the solution semigroup of problem
(1.1) is odd. Let B be a symmetric absorbing set. Then the symmetry of the global attractor follows from the fact that
A = ω(B) = ∩s≥0 ∪t≥s S(t)B.
Next, we prove the following claim. 
Claim. For anym ∈ N, there exists a neighborhoodO(0) of 0 such that the Z2 index of the set A \O(0) satisfies γ (A \O(0)) ≥ m.
Proof. According to Lemma 4.2, for any integerm > 0, we need only to find a symmetric set Bm with γ (Bm) ≥ m, ω(Bm) =
∩s≥0 ∪t≥s S(t)Bm ⊂ A \ {0}.
Consider the energy function
Φ(u) =

Ω

1
p(x)
|∇u|p(x) − 1
s(x)
|u|s(x) + F1(x, u)

dx,
where F1(x, u) =
 u
0 f1(x, s)ds. Let u(t) be the solution of problem (1.1). Multiplying (1.1) by ut , we have
∥ut∥22 +
d
dt

Ω
1
p(x)
|∇u|p(x)dx− d
dt

Ω
1
s(x)
|u|s(x)dx+ d
dt

Ω
F1(x, u)dx = 0.
Hence,
d
dt
(Φ(u)) = −∥ut∥22.
Thus, for each u0 ∈ W 1,p+0 (Ω) ∩ Lq+(Ω), the function t → Φ(u(t)) is nonincreasing.
For any integerm > 0, let Vm be anm-dimensional subspace ofW
1,p+
0 (Ω) ∩ Lq+(Ω). Setting Am = {u ∈ Vm : ∥∇u∥p+ +
∥u∥q+ = 1}, then Am is compact inW 1,p
+
0 (Ω) ∩ Lq+(Ω) and Ls(x)(Ω) ∩ Lα0(Ω). So, there exist δ1 > 0, δ2 > 0 such that
inf
u∈Am
∥u∥s(x) = δ1, sup
u∈Am
∥u∥α0 = δ2.
From assumptions (1.4) and (1.7) we have |F1(x, u)| < C(|u|q+ + |u|α0) for some positive constant C . Setting ϵAm = {ϵu :
u ∈ Am}, 0 < ϵ < 1, then γ (ϵAm) = γ (Am) = m. For v = ϵu ∈ ϵAm, we have
Φ(v) ≤

Ω
1
p(x)
|∇u|p(x)ϵp(x)dx−

Ω
1
s(x)
|u|s(x)ϵs(x)dx+ C

Ω
(|u|α0ϵα0 + |u|q+ϵq+)dx
≤ 1
p−
ϵp
− + Cϵq+ − δ1
s+
ϵs
+ + Cδ2ϵα0 .
Without loss of generality, we may assume that s+ < q+ (see Remark 4.1. Since 2 ≤ s+ < p− and s+ < α0. For ϵ small
enough, we have Φ(v) < 0 for any v ∈ ϵAm. Since Φ(0) = 0 and the function t → Φ(u(t)) is nonincreasing, we have
ω(ϵAm) ⊂ A \ {0}. By Lemma 4.2 and the properties of the Z2 index, we obtain that
γ (A \ O(0)) ≥ m,
for some small neighborhood O(0) of 0. This completes the proof of the claim.
Finally, in the Mañé projection theorem we may take a linear (and thus odd) projection. Then every symmetric closed
subset of the attractor (not containing zero) has a Z2 index less than 2n+ 1 if the fractal dimension ofA is less than n. Thus,
the claim above implies that the fractal dimension of the global attractor is infinite. 
Remark 4.1. Actually, the assumption s+ < q+ is not necessary. From assumption (1.4), F(x, u) can always be controlled by
C(|u|α0 + |u|α1) for some α1 > max{q+, s+}. Thus, one can set Vm to be anm-dimensional subspace ofW 1,p+0 (Ω)∩ Lα1(Ω),
and set Am to be the unit sphere in Vm.
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